Drinfeld-modules and A-motives are the function field analogous of elliptic curves and abelian varieties. For the latter one can construct the l-adic Galois representation and can ask if its image is open. For Drinfeld-modules this question was answered by Pink and his coauthors. However, it is still an open problem for A-motives. We clarify the rank one case and show that the image of Galois is open if and only if the virtual dimension is prime to the characteristic of the ground field.
Introduction
Let A be an abelian variety of dimension d over a number field K, where K is fixed inside C. For any rational prime l, the l-adic Tate-module of A is given by T l A = lim ← − A[l n+1 ](K sep ), for K sep being a separable closure of K. It is a free Z l -module of rank 2d and carries a natural G K := Gal(K sep /K)-action. The rational l-adic Tate-module is the 2d-dimensional vector space over Q l given by V l A := T l A ⊗ Z l Q l . This defines a natural representation ρ l : G K → Aut(T l A) contained in Aut(V l A) ∼ = GL 2d (Q l ). This is called the l-adic Galois representation attached to A. Another algebraic group associated to A is the Mumford-Tate group M T (A). It is a Q-subgroup of GL(V ), where V := H 1 (A(C), Q) is the first rational homology group of A. The Mumford-Tate conjecture asks if the Zariski closure of ρ l (G K ) is equal to the Mumford-Tate group M T (A) over Q l . One can furthermore ask, if an open subgroup of ρ l (G K ) is also an open subgroup of the Q l -valued Mumford Tate group. We can ask the same question in the theory function field arithmetic. Here elliptic curves and abelian varieties are replaced by Drinfeld modules and A-motives. In the Drinfeld case, the above question was answered by Richard Pink in [10] . Here he proves the Mumford-Tate conjecture for Drinfeld modules by showing the openness for the Galois representation. So only the problem for A-motives ia open. To define them, let F q be a finite filed with q elements and odd prime characteristic p. Then let C be a smooth projective and geometrically irreducible curve over F q and let ∞ be a fixed closed point of C. Denote by A := Γ(C \ {∞}, O C ) the ring of regular functions of C outside ∞ and by Q = F q (C) its fraction field. Let L be a finite field extension of Q, fixed in the algebraic closure Q alg of Q and set A L = A ⊗ Fq L and σ = id A ⊗ F rob q,L . We consider for an A L -module M the pullback σ * M = M ⊗ AL,σ A L and for a A L -homomorphism f : M → N the pullback homomorphism σ * f := f ⊗ id AL : σ * M → σ * N . Set γ : A → L for the embedding of A ⊂ Q ⊂ L and consider J = (a ⊗ 1 − 1 ⊗ γ(a)|a ∈ A) as the maximal ideal in A L . Then γ can be reconstructed as A → A L /J = L with a → a ⊗ 1(modJ). Thus we define the A-characteristic of L to be the ideal ǫ := ker γ ⊆ A. With an A-motive one can associate v-adic Galois representations in the following way: Let A v be the v-adic completion of A at a closed point v = ∞ of C and let Q v be it's fraction field. The A-motive has an associated v-adicétale realization 
This factors through it's Zariski closure H M in A v , its 'monodromy group'. This group is also an algebraic group over Q v , see for example [8, Lem. 4.2] . The image of the v-adic Galois representation ρM attached to the v-adicétale realization (Tate-module) can be a non-open. Note that these non-open groups are still Zariski-dense. The aim of this paper is to give a criterion for this phenomena for rank one A-motives and conclude a condition for the Galois openness of A-motives of higher rank.
Overview. We start in the second and third section with a brief introduction to a local object associated to an A-motive, a so-called local shtuka. Here we define Tate-modules and their associated Galois representation. Then section four deals with the Tannakian theory of the category of shtukas. We also introduce the construction of Tannakian lattices and their associated Tannakian theory. In the last section, we formulate the main results of this paper. If R is a valuation ring of a complete, discretely valued field, then they are as follows:
LetM be a local shtuka of rank 1 and virtual dimension d > 0 over R and K = Frac(R). Let d ′ ∈ Z be the largest number such that d = p e · d ′ holds for p = char(F q ), p d ′ and e ≥ 0. Then ρM (G ( K)) is contained and open in GL
Proposition 5.6. LetM be a local shtuka of rank r ≤ 1 and dimension d over R.
is not open.
Local shtukas
In this section we introduce local shtukas which can be attached to A-motives. When we define the Tate module of an A-motive this structure is somewhat in between. However, in contrast to the Tate module, it can be defined for all places of C. So will first give a general introduction to local shtukas and will explain their connection to A-motives in example 2.5. Let A and Q be as in the introduction. Let K be a field, which is complete with respect to a non-trivial and non-archimedian absolute value | · | : K → R ≥0 . Assume further that its value group |K × | is discrete in R ≥0 and let K alg and K sep a fixed algebraic and separable closure of K. Let R = {x ∈ K : |x| ≤ 1} be the valuation ring of K, m R = {x ∈ K : |x| < 1} be the maximal ideal of R and k := R/m R its residue field. Let γ : A → R be an injective ring morphism from A to R. It induces a homomorphism A → k. Denote by v = γ −1 (m R ) its induced kernel. We assume that v is a maximal ideal. For example K can be the completion of a finite field extension L of Q at a place above v. Denote by F v := A/v the residue field of A at v and set q v := #F v . We fix a uniformizing parameter z := z v at O C,v . Then there exists a canonical isomorphism between the completion Proof. With Lemma 2.2 every local shtukaM ∈ Sht Fq((z)) is effective after tensoring it with 1(n) for some n ∈ Z, i.e.M ⊗ 1(n) =:M ′ is effective. ThusM ∼ =M ′ ⊗ 1(−n).
A rich class of examples is given by the category of A-motives in the following way: 
Note that the A-motive M over L always has generic A-characteristic and the reduction has Acharacteristic v = ker(A → m R ). We denote by A v,R the completion of O CR at the closed subscheme v × Spec R and by Q v,R = A v,R [ 1 v ] its fraction field. We do not assume that v × Spec R consists of one point. Thus, to give the associated shtuka to an A-motive over R, we are required to take
and minimal polynomial m a . Thus m a divides the polynomial i∈Z/fv Z (X − a q i ), in which each factor represents an a i and hence i∈Z/fv Z a i = 0. By the Chinese remainder theorem we have the decomposition
and a similar decomposition of Q v,R . The ideals a i corresponds to the places w i of O C,Fv lying above v. Each factor of the decomposition is canonically isomorphic to R[[z]] and is permuted by σ as σ(a i ) = a i+1 holds. In particular σ fv fixes each factor. Under the above decomposition J splits up as J · A v,R /a 0 = (z − ζ) and J · A v,R /a i = (1) for i = 0. Thus we associate with M the local shtuka defined byM
Definition 2.6. The localσ-shtuka associated to an A-motive M over a valuation ring R is defined asM 
over L. Consider the ideal v = (z(t)) generated by a monic irreducible polynomial z(t) ∈ A of arbitrary degree. The ideal v is maximal and set
Let ζ be the image of z under γ and consider the valuation ring R = F v [[ζ]]. Denote again by ϑ the image of t. The Carlitz A-motive C has a good model over R with good reduction given by the A-motive C = (R[t], (t − ϑ)) over R. The associated local shtuka is given bŷ
Remark 2.8. Note that the Carlitz shtuka defined above is exactly the Tate object in the category Sht Av,R and Sht Qv ,R . Therefore, we will denote it by 1(1) :=Ĉ. It has rank and dimension 1. A tensor power is given by 1(n) :
], (z − ζ) n ) and has the same rank asĈ but dimension n.
Tate modules and Galois representation
We keep the notation from the last section and letM be a local shtuka over R. This implies that τM is an isomorphism over the extension to
] is anétale local shtuka and we have the following definition:
and the rational Tate module is defined aš
The name dual comes from the following reason.
They are also called the the v-adic realization ofM and thus are denoted by
The Tate-module of the associated local shtuka to an A-motive and the Tate-module of the A-motive are isomorphic, see [7, Prop. 4.6] . However the former has a continuous G K -and the latter a continuous G L -action. It is also shown in [7, Prop. 4.2] thatŤ vM is a free A vmodule of rank equal to rkM and thatV vM is a Q v -vector space of dimension also equal to rkM . Then Hartl 
To give an A v -basis for the (rational) Tate module ofM := (M , τM ) over R, set r = rkM . We choose a R[[z]]-basis ofM and denote by T the structure homomorphism τM with respect to this basis. 
)of the Tate-module basis has to satisfy
In what follows these equations are considered as Carlitz-Tate equations. Let l i ∈ K sep be the solutions of the Carlitz-Tate equations for i > 0 and set
The basis depends on the choice of l i and a different choice leads to a different power series which is a multiple of l + and an unit of (
The canonical isomorphism (2) is given by sending the generator l −1 + of T vM to the same element in (K sep ) × .
We define the covariant functors induced by the Tate modules aš
LetM be a local shtuka, then we can associate a Tannakian subcategory V vM of Rep cont Qv (G K ). Note that it makes no difference in which shtuka categoryM lives, as the natural transformation fromŤ v andV v is by definition compatible with the tensor structure. By Tannakian duality there exists a linear affine algebraic group HM := Aut ⊗ (ω rep | V vM ) over Q v such that the category V vM is tensor equivalent to the category of Q v -representations of HM . We call the group HM monodromy group ofM . The monodromy group ofM is a subgroup in GL(V vM ) or more to the point in the centralizer of QEnd(M ) in GL(V vM ). For all g ∈ G K , ρ(g) is already an automorphism ofV vM over Q v . Moreover they are already automorphism on the subcategory generated byV vM . Then ρ(g) is an element of Aut ⊗ (ω rep | V vM ) and so in HM . If we choose a basis for a local shtukaM and a basis U for its Tate-moduleŤ vM , then it also follows by [7, Remark 4.3 
. Thus U is a basis transformation matrix for HM (Q v ) with U −1 g(U ) ∈ GL r (A v ) for a g ∈ G K . Then ρM is given by g → U −1 g(U ) for a g ∈ G K . By [8, Lem. 4.2] the algebraic group HM is the Zariski closure of ρM (G K ) in GL Qv (V vM ).
Example 3.4. Continue with example 3.2 of the Carlitz moduleĈ. We have chosen an uniformizer z and hence have
]. Then set K n := F v ((ζ))(l 0 , . . . , l n−1 ) and K ∞ := F v ((ζ))(l i : i ∈ N 0 ) for the field extension of K by the solutions of the Carlitz-Tate equations. This field tower is the function field analogous of the cyclotomic tower Q( p i √ 1|i ∈N 0 ) and we call it the Carlitz-Tate towers. Then we get the so called v-adic cyclotomic character
which satisfies g(l + ) −1 = ρĈ (g) · l −1 + for all g ∈ Gal(K ∞ /K). Note that, asĈ has rank 1, G m is the only canonical choice for HĈ . The reason for the isomorphism (4) is that K n is totally ramified over K of degree (q − 1)q n , see [7, Example 4.10] . In particular, if K un = F v ((ζ)) is the completion of the maximal unramified field extension, then still K n ·K un is totally ramified over K un of degree (q − 1)q n . So the isomorphism (4) also holds for K un instead of K.
Tannakian theory on Sht
The categories Sht Av ,R and Sht Qv,R are additive, have internal homs, a tensor structure and are rigid, which all descents from their R To relate the abelian theory of Sht Qv,R to Sht Av ,R , we introduce so called abelian and Tannakian lattices; compare [12] and [4] .
Definition 4.2. Let t : S → S ′ be a ring homomorphism of Dedekind rings and let C be an S-linear category. We define the local scalar extension C along t as the category C S ′ with the same object class as C and hom-set of two objects X, Y ∈ C S ′ given by
We define the local fraction extension of C as the functor t Q : C → C Frac(S) .
Obviously the extension the functor C → C S ′ is essential surjective. If t is flat, it preserves epi-and monomorphism and the converse holds if t is faithfully flat, see [12, §3.6 ]. If C is a monoidal category, then C S also, see [12, §3.8] . A S-linear functor s : The existence of images is in the sense that for each morphism f : X → Y in C an image factorization exists. That is the most general definition of an image and follows in the case of local shtukas from the existence of the cokernel. 
] and the morphism z 2 − ζ 2 = (z − ζ)(z + ζ). It is only an isomorphism after inverting z − ζ and z + ζ and so not a local shtuka. To solve this issue, it suffice to consider only z ′ which are positive char(F q )-powers of z. In general let z ′ = z p n z p n for p = char(F q ) and n ∈ N and define the functor f * by
Proposition 4.9. Let z ′ = z p n with n ∈ N and p = char(F q ). By the remark after definition 4.2, f * and f * can be extended to Q v -linear functors on Sht Qv ,R , maintaining their properties. Especially, proposition 4.10 can be extended to Sht Qv ,R . We denote them in the same way.
Proposition 4.11. Let z ′ = z p n for n ∈ N and p = char(F q ). LetM ′ ∈ Sht Fv((z ′ )),R and f * :
. Then there exists an equivalence of algebraic groups 
holds. By [3, Rem. 3.12] we consider the following situation
. This induces again by [3, Rem. 3.12] the equivalence Rep Fv((z)) (ΓM′ ) ∼ = Rep Fv ((z)) ((ΓM′ ) Fv((z)) ).
Here ΓM′
is the usual base change of algebraic groups.
Note that in the case of local shtukas the tensor product is already defined over a finite extension. So there is no need to go to an Ind-completed category, as all objects have a finite basis, in contrary to the general case studied in the paper of Deligne and Milne [3] . By that, we mean that the field extension construction of them demand the existence of an external tensor product ⊗ with the category of vector spaces. and let z ′ = z p n for n ∈ N and p = char(F q ). Then there exists an equivalence of algebraic groups
Moreover, it is compatible with the field extension to ΓM′ .
A condition for openness
In section 3 we constructed a Galois representation
associated to a local shtukaM of rank r over Spec R. For a generalM , there exists by Tannakian theory an inclusion HM ⊆ ΓM ⊆ GL r of algebraic groups over Q v . We have seen that for all g ∈ G K its image under ρM is contained in Aut Qv (V vM ). In addition,
So the image of G K under ρM and also its Zariski closure HM are already contained ΓM (Q v ) and ΓM , respectively. If the rank of the local shtukaM is 1, this inclusion becomes an equality. In the last section we have computed the integral motivic Galois group Γ iM , which is an algebraic group over A v with ΓM = Γ iM × Q v . Let K un and R un the maximal unramified extension of K and R. 
Note that isogenous shtukas has the same rank and dimension. Furthermore the category Sht Qv ,R is the category of shtukas except isogeny, so that all isogenous shtukas are isomorphic. 
× and the following inclusion exits: 
We denote by K un the maximal unramified extension of K. Let K n := K(l ′ 0 , . . . , l ′ n ) and K ∞ := K(l ′ i : i ∈ N 0 ) be the Carlitz-Tate tower of K, ie. the fields extension of K generated by the solution of the Carlitz-Tate polynomials, cf. example 3.2 and example 3.4. Like in [7, Example 4.10 ] the extension K 0 over K is totally tamely ramified of degree q − 1 and K n over K n−1 is totally wildly ramified of degree q for n ≥ 1. Like in example 3.4 the field extension to K un and its Carlitz-Tate tower K un n := K(l ′ 0 , . . . , l ′ n ) and K un ∞ := K(l ′ i : i ∈ N 0 ) has the same ramification. So we can only consider the extension of the local shtukas to the maximal unramified extensions. By equation (7),M is isomorphic to f * Ĉ ⊗d over R un . Theň
, asŤ v is a tensor functor. So by the definition of the tensor product in Mod Av , the Tate-moduleŤ v f * C ⊗d ′ is generated as an A v -module by a d ′ -th power of the inverse basis element a = ∞ n=0 a n z ′ n ofŤ v f * C.
Define j m := i m − i m+1 for 1 ≤ m ≤ d ′ and set n = i 1 = j 1 + · · · + j d . Set I n := {(j 1 , . . . , j d ) ∈ N d ′ 0 | j 1 + · · · + j d = n} and I < n := {(j 1 , . . . , j d ) ∈ I n | j m < n ∀m = 1, . . . , d ′ }. Then we have by iteration of the product formula for formal power series
given by a 0 = l 2 0 and a n = 2l 0 l n + n−1 i=1 l i l n−i for n > 0. Set K n := K(l 0 , . . . , l n ) and K 2 n := K(a 0 , . . . a n ). Then K 2 n (l 0 ) = K n holds, as l n fulfills l n = 1 2l0 (a n − n−1 i=1 l i l n−i ). It follows that minpo l0/K 2 0 has to divide l 2 0 − a 0 . Furthermore, it equals l 2 0 − a 0 , as the extension of K 2 0 by l 0 is a real extension. To show this, let q = 3. Then a 2 0 = ζ 2 and we have that a 0 = l ′ 0 q−1 = ζ holds. Hence K 2 0 (l 0 ) = K is a subfield of K 0 with [K 2 0 : K] = (q − 1) = 2. For q > 3, a 0 is a (q − 1)/2 =: d-root of −ζ. The field extension generated by roots cannot contain 2-roots and hence l 0 / ∈ K 2 0 . So [K n : K 2 n ] = 2 and by Galois theory [K 2 n : K 2 n−1 ] = q holds for all n > 0. Now consider the Galois representation ρĈ⊗2 = (ρĈ ) ⊗2 and the induced diagram
for all n ≥ 0. Here, the ring (F q [[z]] × /(z n+1 )) 2 is given by the elements
holds and it follows that the squared group has index 2 in the original. So it is an open subgroup, which implies the openness of the Galois representation. Also by proposition 5.2, we have the Galois openness, as d ′ = d = 2 holds forĈ ⊗2 and we assumed in the beginning that p is odd. Proof. Let L w be the completion of L at a place w above v. Then the absolute Galois group G Lw of L w is a subgroup of the absolute Galois group G L of L. G L is generated by the groups gG Lw g −1 for all g ∈ G L . Then the image of ρM
The Furthermore, If we use the same reducing technique as in the previous proof we can extend the result also to A-motives of higher rank, compare 5.6: 
